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Abstract. A set X C R is strongly meager if for every measure zero set H, 
X + / 1. Let SM denote the collection of strongly meager sets. We show 
that assuming CH, SM is not an ideal. 



1. Introduction 

In 1919 Borel wrote the paper [4] in which he attempted to classify all measure 
zero subsets of the real line. In this paper he introduced a class of measure zero 
sets, which are now called strong measure zero sets. In 70's Galvin, Mycielski and 
Solovay found a characterization of strong measure zero sets that was formulated 
using only the concept of a first category set and of a translation. That allowed, 
after replacing first category with measure zero, to define a dual notion of a strongly 
meager set. It was expected that the global properties of both families of sets will 
be similar. Several results listed below support this expectation. Nevertheless 
additive properties of both families of sets are different. It is well known that the 
family of strong measure zero sets forms an ideal, i.e. is closed under finite unions. 
The result of this paper is that, assuming continuum hypothesis, the collection of 
strongly meager sets is not closed under finite unions. 

In this paper we work exclusively in the space 2" equipped with the standard 
product measure denoted as fi. Let M and M denote the ideal of all ^-measure 
zero sets, and meager subsets of 2", respectively. For x,y G 2 W , x + y G 2 W is 
defined as (x + y)(n) = x(n) + y(n) (mod 2). In particular, (2", +) is a group and 
fj, is an invariant measure. 

Definition 1.1. A set X of real numbers or more generally, a metric space, is 
strong measure zero if, for each sequence {e n : n G lu} of positive real numbers 
there is a sequence {X n : n G lu} of subsets of X whose union is X, and for each n 
the diameter of X n is less than s n . 

The family of strong measure zero subsets of 2^ is denoted by SAf. 
The following characterization of strong measure zero is the starting point for 
our considerations. 

Theorem 1.2 ([7]). The following are equivalent: 

1. X G SJ\f, 

2. for every set F G M, X + F ^2". □ 
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This theorem indicates that the notion of strong measure zero should have its 
category analog. Indeed, we define after Prikry: 

Definition 1.3. Suppose that 

We say that X is strongly meager if for every H £ Af, X + H ^ 2" . Let SM 
denote the collection of strongly meager sets. 

Observe that if z £ X + F = {x + f : x <= X, f <= F} then In(F|z) = |. 
In particular, a strong measure zero set can be covered by a translation of any 
dense Gs set, and every strongly meager set can be covered by a translation of any 
measure one set. 

If X C 2 U is a group then the concepts of strong measure zero and strongly 
meager connect to the classical construction of a nonmeasurable set by Vitali (a 
selector of M/Q). 

Theorem 1.4 (Reclaw). Suppose that X C 2 W is a dense subgroup of (2 U ,+). 
Then 

1. X G SM if and only if every selector from 2^/X is nonmeasurable. 

2. X G SAf if and only if every selector from 2" / ' X does not have the Baire 
property. 

PROOF. The proof below requires the group X to be infinite and the set 
2 W / X to be infinite. A dense group will have these properties. 

We will show only (1), the proof of (2) is analogous. Note that if X is a selector 
from 2 U /X and X is as above then X is nonmeasurable if and only if X does not 
have measure zero. 

-> Suppose that X G SM and H G Af. Let x X + H. It follows that 
[x]x H H = 0, hence no selector is contained in H. 

<- Suppose that X SM and let H G Af be such that X + H = 2 U . For each 
x G 2", [x)x r\H 7^ 0. It follows that we can choose a selector contained in H. □ 

Note that X £ SAf if there exists a meager set F such that the family {F + x : 
x G X} covers 2 W . Instead of the assignment a; i— » F + x we can consider a 
more general mapping x where H C 2" x 2" is a Borel set such that 

= {y : (x, y) eHjeM for all x G 2 W . 

Definition 1.5. X G C0V(A4) i/ /or every Borel set fl C 2" x 2" sucft that 
{H) x G A4 /or all x G 2 W , 

U ^ 2 "- 

Similarly, X G COV(Af) if for every Borel set H C 2" x 2" sucA tfwrf (72% G A/" 
/or a// .t G 2 W , 

(J ^ 2 "- 

sex 

Note that 

Lemma 1.6. COV(Af) C «SA1 and COV(M) C SA/\ 

PROOF. Given F G Af let = {(x,y) : y G F + .t}. It is clear that, 
\J xeX (H) x = F + X. □ 
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Families SAf and SAi as well as COV(.M) and COV(TV) are dual to each other 
and we are interested to what extent the properties of one family are shared by the 
dual one. 

Below we present several results of that kind. The proofs of these results as well 
as quite a lot of additional material can be found in [3] . 

Definition 1.7. Let Borel Conjecture (BC) be the assertion that there are no un- 
countable strong measure zero sets, and Dual Borel Conjecture (DBC) be the asser- 
tion that there are no uncountable strongly meager sets. 

Sierpinski showed that Borel Conjecture contradicts CH. His proof essentially 
yields the following: 

Theorem 1.8. Assume MA. Both COV(.M) and COV(W) contain sets of size 
2 N ° . In particular, both Borel Conjectures are false. 

There are many weaker assumptions than MA that contradict BC or DBC. 
Nevertheless we have the following: 

Theorem 1.9 ([8]). Borel Conjecture is consistent with ZFC. 

Theorem 1.10 ([5]). Dual Borel Conjecture is consistent with ZFC. 

Definition 1.11. An uncountable set X C 2" is a Luzin set if X C\F is countable 
for F G AA, and is a Sierpinski set if X C\G is countable for G G Af. 

Sierpinski showed that every Luzin set is in SAT. In addition we have the fol- 
lowing: 

Theorem 1.12 ( [10]). Every Luzin set is in CCN{M). 

Theorem 1.13 ([9]). Every Sierpinski set is in COV(7V) (and so in SAi). 

Results presented above indicate that we have certain degree of symmetry be- 
tween the notions of strongly meager and strong measure zero. The main objective 
of this paper is to show that as far as additive properties of both families are 
concerned it is not the case. 

Sierpinski showed that SAf is a cr-ideal. In fact, we have the following: 

Theorem 1.14 ([5]). Assume MA. Then the additivity of SAf is 2 H ° . 
Similarly, 

Theorem 1.15 ([2]). 1. COV(X) is a a -ideal, 

2. Assume MA. Then the additivity of COV \M) is 2 H ° . 

Surprisingly the dual results are not true. 
Theorem 1.16. It is consistent that COV(A/") is not a cr-ideal. 

PROOF. It is an immediate consequence of the following theorem of Shelah: 
Theorem 1.17 ([12]). It is consistent that cov(Af) = 

Recall that 



Suppose that cov (Af) = N w and let a family A C AT witness that. Let H C 
2" x 2" be an Borel set with null vertical sections and such that 




VG G Af 3x e T G C (H) 
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Such a set can be easily constructed from a universal set. 

For each G G A choose xq G 2" such that G C (H) XG . It follows that X = 
{ig : G G A} £ COV(TV). On the other hand, every set of size < cov(TV) belongs 
to COV(W) and X is a countable union of such sets. □ 

The purpose of this paper is to show that 

Theorem 1.18. Assume CH. Then SM is not an ideal. 

2. Framework 

The proof of Theorem 1.18 occupies the rest of the paper. The construction is 
motivated by the tools and methods developed in [11]. We should note here that by 
using the forcing notion defined in this paper we can also show that the statement 
"SM is not an ideal" is not equivalent to CH. However, since the main result is of 
interest outside of set theory we present a version of the proof that does not contain 
any metamathematical references. 

The structure of the proof is as follows: 

• In section 2 we show that in order to show that SM is not an ideal it suffices 
to find certain partial ordering V (Theorem 2.2). 

• The definition of V involves construction of a measure zero set H with some 
special properties. All results needed to define H are proved in section 3, and 
H together with other parameters is defined in section 4. 

• V is defined in section 7. The proof that V has the required properties is 
a consequence of Theorem 5.14, which is the main result of section 5, and 
Theorems 6.5 and 6.6, which are proved in section 6. 

We will show that in order to prove 1.18 it is enough to construct a partial 
ordering satisfying several general conditions. Here is the first of them. 

Definition 2.1. Suppose that (V,>) is a partial ordering. We say that V has the 
fusion property if there exists a sequence of binary relations {>„: n G oj} (not 
necessarily transitive) such that 

1- Ifp >n q thenp > q, 

2- ifp >«+i q and r > n+1 p then r > n q, 

3- if {p n '■ n G u>} is a sequence such that p n +i >n+i Pn for each n then there 
exists p^ such that p^ >„ p n for each n. 

From now on we will work in 2" with the set of rationals defined as 

Q = {x G T : V°°n x{n) = 0}. 

Let Perf be the collection of perfect subsets of 2". For p,q G Perf let p > q if 
P Q q- 

We will be interested in subsets of Perf x Perf. Elements of Perf x Perf will be 
denoted by boldface letters and if p G Perf x Perf then p = (pi,P2)- Moreover, for 
p, q G Perf x Perf, p > q if p\ C q 1 and p 2 Cg 2 . 

Theorem 2.2. Assume CH ; fix a measure zero set H C 2 U , and suppose that there 
exists a family V C Perf x Perf such that: 

(AO) V has the fusion property, 

(Al) For every p G V , n G u> and z G 2" there exists q >„ p such that q\ C H + z 
or q 2 C H + z, 
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(A2) for every p eP,n£w,l6 [2 W ]^°, i = 1,2 and t G Perf sucft that fj,(t) > 0, 
G 2 w : 3q >„ p X U (ft + Q) C t + Q + *}) = 1. 

TTien SA-1 is no£ an ideal. 

Proof. We intend to build by induction sets X\,X 2 G SA4 in such a way 
that H witnesses that X\ U X 2 is not strongly meager, that is, (X 1 UX 2 ) + H = 2". 
By induction we will define an wi-tree of members of V and then take the selector 
from the elements of this tree. This is a refinement of the method invented by 
Todorcevic (see [6]), who used an Aronszajn tree of perfect sets to construct a set 
of reals with some special properties. More examples can be found in [1]. 

For each a < ui\, T Q will denote the a'th level of an Aronszajn tree of elements 
of V . More precisely, we will define succ(p, a) C V - the collection of all successors 
of p on level a. We will require that: 

1. T = {2 W x 2 W }, 

2. succ(p, a) is countable (so levels of the tree are countable), 

3. if q G succ(p, a) then q > p, 

4. if succ(p, a) is defined then for each new there is q G succ(p, a) such that 
q >n P 

Note that the tree constructed in this way will be an Aronszajn tree since an 
uncountable branch would produce an uncountable descending sequence of closed 
sets. For an arbitrary V with fusion property the conditions above will guarantee 
that we build an wi-tree with countable levels. This suffices for the constructions 
we are interested in. 

Let 1 = \J a<LUl T Q where T Q = succ(2 w x 2", a). For each pel a choose £ p G pi 
and ip G p 2 - We will show that we can arrange this construction in such a way 
that X\ — {xp : p G X} and X 2 — {x^ :p6l} are the sets we are looking for. 

Let {(t a ,i a ) : a < u)\} be an enumeration of pairs (t, i) G Perf x{l, 2} such that 
yu(t) > 0. Let {z a : a < oji} be an enumeration of 2". 

Successor step. 

Suppose that T Q is already constructed. Denote X a = |x p , x p : p G Up <a X/3 j. 
For each pel tt and n G u, let 

= {z G 2" : 3q >„ p X a U (ft a +Q)Ct a +Q + z}. 

Note that by A2, each set Z™ has measure one. Fix 

y« e n n z i- 

For each p G T Q choose {p™ such that 

1. P™ >n+i P for each n, 

2. A Q U(pf Q +Q) Ct Q +Q + y a . 

Next apply Al to get sets {q™ : n G uo} such that for all n, 

t- q >n+l P , 

2. q? C + z Q or C i? + z Q . 
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Define succ(p,a + 1) = {q™ : n E ui}. Note that for each n E ui there is q E 
succ(p, a) such that q >„ p. For completeness, if p E [Jp <a 'Zp then put 

succ(p, a + 1) = [J{succ(q, a + 1) : q E succ(p, a)}. 

Limit step. 

Suppose that a is a limit ordinal and 1p are already constructed for (5 < a. 
Suppose that po E T Qo , «o < a - Find an increasing sequence {a n : n E uj} with 
sup ra a n — a, and for k E uj, let {p^ : n E uj} be such that 

1. V k n G ^oc n , 

2- p£+i > n +k+i Pn for each k,nEuj. 

Let p£ be such that p^ > n +k P„- Define succ(p ,a) = {p* : k E uj}. This 
concludes the construction of 1 and Xi,X 2 - 

Lemma 2.3. X 1 ,X 2 E SM. 

Proof. We will show that X\ E SM. The proof that X 2 E SM is the same. 

Let G C 2" be a measure zero set. Find a < uj\ such that G n (t Q + Q) = and 
i Q = 1. It follows that, 

XiCI a U |J Pl Ct a +Q + y a C (2"\G)+y a . 

Thus Xi + y a C2"\G and therefore y a £ X\ + G, which finishes the proof. □ 

Lemma 2.4. Xil)X 2 ^ SM. 

Proof. Let H be the set used in Al. We will show that (X 1 U X 2 ) + H = 2". 
Suppose that z E 2" and let a < u>\ be such that z — z a . By our construction, for 
any p E 1 a +i, E z + H or x 2 p E z + H. Thus z E (Xi U X 2 ) + H, which ends 
the proof. □ 

This shows that the sets X\,X 2 and H have the required properties. The proof 
of 2.2 is finished. □ 

Therefore the problem of showing that SM is not an ideal reduces to the con- 
struction of an appropriate set V . We will do that in the following sections. 

3. Measure zero set 

In this section we will develop tools to define a measure zero set H that will 
be used in the construction of V and will witness that the union of two strongly 
meager sets X\,X 2 defined in the proof of 2.2 is not strongly meager. The set H 
will be defined at the end of the next section. 

We will need several definitions. 

Definition 3.1. Suppose that I C uj is a finite set. Let F 1 be the collection of all 
functions f : dom(/) — ► 2, with dom(/) C 2 1 . For f E F 1 , let m° f = \{s : f(s) = 
0}| and m) = \{s : f(s) = l}\. 

For a set B C 2 1 let (B) 1 =2 ! \B and (B)° = B. 
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We will work in the space (2 1 , +) with addition mod 2. For a function /eF ; let 

(By = p| + 



s£dom(/) 

In addition let (B) = 2'. 
For / G F J and k G w, Zei 

F}, fc = {.g € F J : / C 5 & |dom(ff) \ dom(/)| < fc} . 

The set H will be defined using an infinite sequence of finite sets. The following 
theorem describes how to construct one term of this sequence. 

Theorem 3.2. Suppose that m G u> and < S < e < 1 are given. There exists 
n G u) such that for every finite set I G [u] >n there exists a set C C 2 1 such that 
1 - £ + 5 > \C\ ■ 2"I J I > 1 - e - S and for every f G F^ m , 

\(CY\ {l _ £) m° £ m) 



\{Cf 



< s. 



Note that the theorem says that we can choose C is such a way that for any 
sequences si, . . . , s m G 2 1 the sets S\+C, . . . ,s m + C are probabilistically indepen- 
dent with error S. Thus, we want S to be much smaller than e rn . In order to prove 
this theorem it is enough to verify the following: 

Theorem 3.3. Suppose that m G u> and < S < e < 1 are given. There exists 
n G u) such that for every finite set I G [uj] >n there exists a set C C 2 1 such that 
1 - s + S > \C\ ■ 2-l / l >l — e — 5 and for every set X C 2 1 , \X\ < m 

irw£+s) 



2W 



< 5. 



Proof. 

[ 2 /]< mj 



Note first that 3.3 suffices to prove 3.2. Indeed, if for every X G 
\n se x(C + s)\ 



-(l-e) 



< 5 



then we show by induction on that for every / G Fg m , 

\(cy\ 



\{Cf 



- [l-e) m fe m i 



< 2 m S. 



Fix m, S and s, and choose the set C C 2 1 randomly (for the moment / is 
arbitrary). For each s G 2 1 decisions whether s G C are made independently with 
the probability of s G C equal to 1 — e. Thus the set C is a result of a sequence 
of Bernoulli trials. Note that by the Chebyshev's inequality, the probability that 
1 — e + S > \C\ ■ 2~I J I > 1 — e — S approaches 1 as |/| goes to infinity. 

Let S n be the number of successes in n independent Bernoulli trials with prob- 
ability of success p. We will need the following well-known fact that we will prove 
here for completeness. 



Theorem 3.4. For every S > 0, 

S n 



-P 



> S ) < 2e- nS2/4 . 
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PROOF. We will show that 



— >P + S) ■ < ' 



The proof that 



n 



n 



is the same. Let q = 1 — p. Then for each x > we have 

v 7 fe>n(p+5) v 7 

^ e -x(n(p+«)-fc) . ( n \p k q n - k < 
k>n(p+8) ^ 7 

e -*™5. ^ f n \pe xq ) k (qe- xp ) n - k < 

k>n(p+8) ^ 7 

e -xnS . ^ M ^gx^jfc^g-xpjn-fc = e -xnS ^xq + ^-xp^ < 



c- / 22 2 2 \ ^ r / 2 2 \ ^ 

e -xn5 / x 9 + ge x p \ < e -xn8 l x + q& x \ = p - 



xn5 g«x _ ^n(x —Sx) 



2 2 2 2 2 

The inequality pe xq +qe~ xp < pe x q +qe x p follows from the fact that e x < e x +x, 
for every x. The expression e ntyX ~ Sx ^ attains its minimal value at x — 8/2, which 
yields the desired inequality. □ 

Consider an arbitrary set I C 2 J . To simplify the notation denote V = 2 1 \ C 
and note that f] s ex( C + s) = 2 1 \ (V + X). For a point t e 2 1 , t X + V is 
equivalent to (t + X) n V = 0. Thus the probability that t £ X + V is equal to 
(1-epl. 

Let G(X) be a subgroup of (2 I ,+) generated by X. Since every element of 2 1 
has order 2, it follows that \G(X)\ < 2l x l. 

Lemma 3.5. There are sets {Uj : j < \G(X)\} such that: 

1. Vj Vs, t G Uj (s=£t^ s + tg G(X)) , 

2. Vj<|G(X)| \U j \ = 2\ I \/\G(X)\, 

3. Vi ^ j c/i n C/j = 0, 
4- U,<| CW | ^ = 2 7 - 

Proof. Choose t/j's to be disjoint selectors from the cosets 2 I /G(X). □ 

Note that if ti,t 2 € ?7j then the events t\ E X+V and t 2 € X+V are independent 
since sets ti + X and i 2 + X are disjoint. Consider the sets Xj — Uj n Hsga: + s ) 
for j < \G(X)\. The expected value of the size of this set is (1 - e)^ ■ 2^ /\G(X)\. 
By 3.4 for each j < \G(X)\, 



M (l- £ )W 



2I / I/|G(X)| 



> 5 < 2e 



-2l 7 l- 2 5 2 /|G(X)| 
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It follows that for every IC2 ! the probability that 

(1 - s)^ - S < l a ^ + 5) l < (1 - e)^ + 5 

is at least 

1 - 2|G(X)| e - 2 '"^ 2 ™l > 1 - 2^l+ 1 e - 2lJ|HX| - 252 . 
The probability that it happens for every X of size < m is at least 

x _ 2 |/|-(m+i) 2 . e _ 2 i'i-"- 2 <5 2 _ 

If m and S are fixed then this expression approaches 1 as |/| goes to infinity, since 
linij^oo P(x)e~ x — for any polynomial P{x). It follows that for sufficiently large 
| J | the probability that the "random" set C has the required properties is > 0. 
Thus there exists an actual C with these properties as well. □ 



4. Parameters of the construction 

We will define now all the parameters of the construction. The actual relations 
(P1-P7 below) between these parameters make sense only in the context of the 
computations in which they are used, and are tailored to simplify the calculations 
in the following sections. The reason why we collected these definitions here is that 
there are many of them and the order in which they are defined is quite important. 
Nevertheless this section serves only as a reference. 

The following notation will be used in the sequel. 

Definition 4.1. Suppose that s : uj x uj — ► uj. 

Let s(°\i,j) = i and s(" +1 )(z, j) = s(s^ n \i,j),j). Given N£uj + l,n£u> and 
f G UJ N let 

sW(f) = {(i, S W(f(i),i)):i<N}. 

We will write s(f) instead of s^(f). 

We define real sequences {ei, 8i, : i G w}, intervals {Ii : i e lo}, sets {Ci 
and integers {mi : i G u>}. In addition we will define functions s,s,s:uxu — ► d. 
The sequence {ei : i G w} is defined first. We require that 
(PI) < e i+ i < Ei for i G u, 
(P2) E^e 4 <l/2. 

Set e = So = 1, I = C = 0,m o = and s(n, 0) = s(n, 0) = s(n, 0) = for 
all n G uj. Suppose that {Si, e», Ii, Ci, rrii : i < N} are defined. Also assume that 
s(n, i), s(n, i) and s(n, i) are defined for i < N and n G uj. 

Put vjy = |rife<jv 2 /fc |; In = Ilfc<Af v k an d define cat such that that 
(P3) < v N ■ e N < e N , 
(P4) 2 l »+ N + 2 -e N < Cjv _i. 
Given en and cat we will define for k G uj 

s(/,'....Y) = { ,,ulA \' • iTT e ^ >4 } iffce ^ >4 . 



{max 1 1 : 




otherwise 



Next let s(k,N) = s (2 " w) (fc, N), where u N is the smallest integer > log 2 (8/e 2 v ). 
Finally define 

s(k,N) = s {2vN+1) (k,N). 
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Note that the functions s{-,N),s(-,N), and s(-,N) are nondecreasing and un- 
bounded. 
Define 

(P5) m N = min {m : s^ N4N \m, N) > 0}, 
(P6) 6 N = 2~ N ~ 2 -e™". 

Finally use 3.2 to define In and Cat C 2 In for S = Sn, e — en and m — tun- 
In addition we require that 

(P7) h are pairwise disjoint. 

The set H that will witness that SM is not an ideal is defined as 

H = {x£2 u :3°°fc x\I k £C k }. 

Note that 



KH)<^lf]\J{xe2^:x\I k ^C k }\ <J2 £ k + S k 

\ n k>n / k>n 



n — >oo 



5. More combinatorics 

This section contains the core of the proof of 2.2. This is Theorem 5.5 which is in 
the realm of finite combinatorics and concerns properties of the counting measure 
on finite product spaces. We will use the following notation: 

Definition 5.1. Suppose that Nq < N < u>. Define F N to be the collection of all 
sequences F = (/* : i < N) such that fi G F /l for i < N . For F e F N and h G uj n , 
let 

F£ h = {GeF" :Vi<N Gf^F^}. 

Similarly, 

f F% N = { G e F£„ '■ G \Nq = F fiV } . 

VFe always require that for all i < N, 

|dom(F(i))| + h(i) < m». 

Let C = (Cj : i < lo) be the sequence of sets defined earlier. For N < N and 
FeF N let 

( c )n„= II (a) F(t) = {s e 2'»» u '- u/ »- 1 : W e [JV 0l iV) sf/, e (a) F(l) } . 

N <i<N 

We will write (C) F instead of (C)q and (Cat-i) 1 ^ -1 ^ instead of (C)^_ 1 . 

Definition 5.2. Suppose that X is a finite set. A distribution is a function m : 
X — ► M such that 

< m{x) < j^-. 

Define a m to be the largest number a such that m' — a ■ m is a distribution, and 
put m = J2xex m i x ) an d m = a m ■ m. 

Suppose that a distribution m on X is given and Y C X. Define my ■ Y — > M + 

as 

m Y {x) = —— ■ m{x). 
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Note that 

1 



\X\ ■ max{m(x) : x G X}' 
Observe also that {my)z — mz if Z C Y C X . 

A prototypical example of a distribution is defined as follows. Suppose that 
p C 2 W is a closed (or just measurable) set and n G w. Let m be defined on 2" as 

m(s) = n [s]) for s £ 2™. 

Note that fn = (i(p). 

The following lemmas list some easy observations concerning these notions. 

Lemma 5.3. Suppose that N E u>, k° + k < mjv, / G and m is a distribution 
on 2 In . There exist f , fi G F 1 ^ such that |/ \ /| = |/i \ /| = k and 

m (c N )fo < m { c N )f < m (c N )fi- 

Proof. For each x G 2 In and h G F^™, let h% = h U {(z,0)} and hi = 
h U {(x, 1)}. Note that there is i G {0, 1} such that 



Iteration of this procedure ko times will produce the required examples. □ 

Lemma 5.4. Suppose that Nq < N are natural numbers, h , /io G IIi<Ar m i satisfy 
h (i) + h°(i) < m l for i < N, F G F$ M o and m is a distribution on 2 IoU - uIn - 1 . 
Suppose that for every G G Fp ^, a < m/c) G < b. Let G* G F F ^ be such that 
|dom(G*(t)) \ dom(F(i))| = hi(i) < h (i) for N <i<N. Then 

VGGF^ _ hl a<W^<b. 

Proof. Since F^*'^ ^ C Fp ,;^, the lemma is obvious. □ 

The following theorem is a good approximation of the combinatorial result that 
we require for the proof of 2.2. The proof of it will give us a slightly stronger but 
more technical result 5.14, which is precisely what we need. 

Theorem 5.5. Suppose that Nq < N are natural numbers, h ,hg G IIi<Ar TO i sa ^~ 
isfy h (i) + h°(i) < mi for i < N, F G Fjj^o and m is a distribution on 2 /oU '" u/ «- 1 
such that 

TO( C )F > 



niUa-seo' 



There exists F* G F^ ,'^ ,. . such that 

F,/i — s(fto) 



JV-l N-2 



VG G F^ ;^) m (c) G > m (c) F J| (1 - 8e,) 2 - ^ 

i=N„ i=N 

Remark. It is worth noticing that the complicated formulas appearing in the 
statement of this theorem are chosen to simplify the inductive proof. Putting them 
aside, the theorem can be formulated as follows: if m( C )F is sufficiently big (where 
big means only slightly larger than zero), then there exists F* G Fp"^ s ^ o ^ such 

that for all G G F„?' > the value of — cannot be significantly smaller than 1. 
F > s ( h °> m (c) F 
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The proof of 5.5 will proceed by induction on TV > N , and the following theorem 
corresponds to the single induction step. 
Suppose that N G u> is fixed. 

Theorem 5.6. If k° + k < mjv, m is a distribution on 2 /jv and f G Fg™ is smc/i 
that m( Cjv )/ > 2e7v i/ien i/iere exists /* e F^™ o _ g ^ fco N . such that 

V 5 e F /*, s(fc ,JV) m (c„)/* • (! + 2 £ a0 > m (c»)f > m {c N y* ■ (! - 2e Jv), 

and 

y 9 G F /" s(fe„,AT) m (c N )» > ™(c*)> ' (! - 2e Jv). 
Proof. We start with the following observation: 
Lemma 5.7. Suppose that m^ CN y > €n ■ There exists f G F^ o _ g , fco N ^ such that 

V - 9 e F %(k .N) m (c«)« > TO (C„)/ • (1 - cat). 
Similarly, there exists f G F^. o _ g , fco such that 

PROOF. We will show only the first part, the second part is proved in the 
same way. If s(fc , N) = then the lemma follows readily from 5.3. Thus, suppose 
that s(fc , N) > and let m^c N )f be a distribution satisfying the requirements of 
the lemma. 

Construct, by induction, a sequence {/„ : n < n*} such that 

1- fo = f, 

2- fn+l € F f*,s(k ,N)> 

3. m (CN )tn > m (CN )f ■ [I + ^e N e^ >) . 
First notice that s(fc , N) was defined in such a way that 



1 ^0 r 2 „s(fc ,A0 

2s(*o,JV)' 



Therefore, after fewer than — — 2 steps the construction has to terminate 

s(k ,N) 

(otherwise TO( Cjv ) 9 > 1 for some g, which is impossible). 

Suppose that /„ has been constructed. 

Case 1. Mh G F^ g(feojJV) m (Cjv) h > m (Cjv)/ • (1 - ejv). In this case put / = /„ 
and finish the construction. Observe that 

l/l + s(fc , N) < k° + n* ■ s(fc , JV) + s(fc , N) < 

k ° + ( -n k \n - 2 J ' § ( fc o, W) + s(fco, AT) < /c° + /c - s(fc , iV) < m N . 



s(ko,N) 

Case 2. 3/i G F^™ g( - fco ^ m^ CN y < m^ CN y ■ (1 - ejv). Using 5.3 we can assume 
that \h\ = \f n \+s(k ,N). 
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Consider the partition of (Cjv)^ n given by h, i.e. 

(c N y« = (c N ) h u((c N y"\(c N ) h ). 

Note that by considering the worst case we get 
\(C N ) h \ 

\(c N y~\(c N ) h \ - 

(1 - esr'tnet* +S N - ((1 - e N r^e^ ■ 4*°^ * w ) 

s(fc ,JV) <5jV 

£ N 



> 



-I S(ko,N) 2(5^ 

1 £ n "+" " " " " 



(l- eA r) m ?, e > 



Moreover, since <5at < t^at™ , we have 

i(fc ,JV) ^ o ^ 

(l-e N ) m °fn . e ™'» 

and thus 

s(fc ,iV) <^V 

(1 -gJv) m °"g^ / " > l £ s(fe ,JV) 

1 _ s(fco,JV) 2<5/v ~ 2 W 



(l- SN r"fne,'<> 



■N 

It follows that 



— • m(Cs)f»\(Cs)» >{! + ~2 ^ n ) ■ \ { c N y~\(C N )»\ 



m (c„)/ 



\(c N y»\{c N )»\ 



\(c N y-\ Mk ,N) \(c N y-\ \(c N y\ 



\(c N yn\(c N )h\ • 2 €n£n \(c N yn\(c N )h\ \(c N yn\(c N )h\ 

\(Cn) h \ 



\(c N yn\(c N ) h \ 



, , n i(fcoiJV) KgWH |(CW)^| 

2 £A,£jv ' |(C JV )/»\(C J v) fe | + JV |(C jV K"\(C^| " 



_s(fe ,JV) 
'AT 



m 

n s(k ,N) . (J- - £wj tn e f r ' 
2 „ s(fe ,Af) , 2djy 



1 + 7) N N + e N ' : 9^ > 

1 s" ' 
1 - S T 



1 O- n c ^(feo.JV) 1 s(fe ,iV) n+ 1 s(k ,N) 

1 + 2 N n + 2 n N 2 — 
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Let {fti, . . . , ft- 2 i(fc ,jv)} be the list of all functions in F /jv such that dom(/ij) = 
dom(/i) \ dom(/„). Without loss of generality we can assume /„ U h\ = h. The sets 
(C N y™ uh2 , . . . , (C N ) fnUh ^ k °- N l define a partition of the set (C N ) f " \ (C N ) h . Since 

^ (, . n+1 s(ko.N) 

m (c N )^\(c N ) h > m (c N )f ■ I 1 + —3— £n£n ' 

it follows that there exists 2 < I < 2 B ( fe °' JV ) such that 

. . n+1 s(k .N)\ 

m(c N )fnu»* > m (CN )S ■ II + — fW ' ) 

Let = f n U hf . This completes the induction. □ 



Proof of 5.6. Suppose that mi CN y = a > 2ejy. Without loss of generality 
we can assume that «m (c )f = 1, that is m^ CN y — m^ N y ■ This is because if we 
succeed in proving the theorem for the distribution ct m{c )f • m^ CN )f then it must 
be true for mic N )f as well. 

Apply 5.7 to get /' £ F^ feo _ g(feo JV) such that 

V 5 e F^ >a(fcojJV) m (Cjv)9 > o (l - ejv). 

Let mjv be the smallest integer greater than log 2 (8/e^f) and define by induction 
sequences {fi,a.i,bi : i < un} such that 

1. 6 = 1 and f = f, 

2. aj, 6j S R for i < m^v, 

3. \bi — Oj| < 2~ 4 for i < ujy, 

4. /i+i 6 F /" § ( I+ i) (fco , A r ) _ § ( I+ 2 )(fc0iA r ) for i < UJV, 

5 ' Vff G F /"s<-+i)(fc ,AT) ^C 1 ~ £Ar ) ^ m (C»)f < M 1 + 

Suppose that a i7 6i and fa are defined and let c = nTT^yl ■ Observe that c > 
a • (1 - ejv) > e N . 

If |c — Oi| < 2~*~ 1 then let ai+i = a, and bi+i = c. Apply 5.7 to get /i + i G 

F /"s<' + 1 )(feo,A f )"i< s+2 >(feo,JV) SUCh that 

V -9 e F /r +1 ,i(.+2)( feo ,Ar) ™(C„)» < &i+l(l + ejv). 

Otherwise let a i+1 = c and b i+1 = b t and let f i+1 £ F^ g(4+1)(feo|JV) _ g(4+2)(feo)JV) be 
such that 

V 5 e F ? +1 ,s(^)(fc ,AT) TO (C„) 9 > Oi+i(l - ejv)- 
Put /* = / UN . Note that by the choice of un, \b UN — o UN | < In addition, 

s(""+ 1 )(fc , N) > s( 2ujY )(fc ,iV) =s(fc ,iV). Since m (Cjv)/ * is equal to either a UN or 
b UN , and a Mjv > en, a simple computation shows that for every g £ F^™ -, ko N y 

m(C N )f* ■ (! ~ 2e iv) < o«jv (1 - cat) < m (CN)g < b UN (1 + e N ) < m (CN y* • (1 + 2ejv), 
and 

W(c JV )9 > ««jv (! - £ w) > «o(l - 2e w ) = m {CN y ■ (1 - 2ejv)- □ 

Before we start proving 5.5 we need to prove several facts concerning distribu- 
tions. The following notation will be used in the sequel. 
1. v k = |2 J ° u - UI *-i| for k £ UJ. 
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2. If F e F N and k < N then let w k (F) = |(C) F f fc |. 
Suppose that F G F w+1 and to is a distribution on 2 /oU - u/jv . 

1. Let mi^ F be the distribution on (Cjv) F ( Ar ) given by 

m tc)*( s ) = E { m (c)-W ^Ue (C) F } for a G (CV) F(JV) - 

2. For -/V < N and t G (C) F let m* F be a distribution on (C)^ defined 

as 

™(C) F ( S ) = m {c)F (t^s) for s G (C)^ . 

3. Let to^-,^ be the distribution on (C) F ^ N defined as 



m- c)F (t) = m* c)F for t e (C) F rw 

tia 5.8. Suppose 

Then 



Lemma 5.8. Suppose that N < N, F G F N+1 and G G Fp°^ JV+1 /or some ft G uj u . 



( m (Cr) (C) o = m (C)«- 

PROOF. Fix t G (C) f M = (C) G W and observe that for s G (C)£ , 
( t \ i \ K C )w l \ 

r (c ) F ) ( c )FN / s ^^)ij- m(c)F(< s) = 

|(C)° | ^at+i(F) Wjv+i(G) 
Lemma 5.9. Suppose that F G F JV+1 and G G Fp ',f +1 for some h G u" . Tften 

(to ( i c)F ) (Cjv)G( jv) =m+ c)G . 
PROOF. Similar to the proof of 5.8. □ 

Lemma 5.10. Suppose that N a < N, F G F N+1 and t G (C) F ^ N °. Then 



m* c)F > w No (F) -m* c)F . 

PROOF. Note that 

wjy (F) 

^ +1 (F) |(C) F o 



WjVo (F) .TO (c)F (t-,s) < _ No \^ = T? ^ r7 . □ 



The next two lemmas will be crucial in the recursive computations of distribu- 
tions. 

Lemma 5.11. Suppose that N < N, F,G G F N+1 , F t[7V ,iV] = G \[N ,N] and 
t G (C) F »n(C) G ^. Tften 



(C) F "% ]G '"'(C)G' 



In particular, if F* G Fp ^^ 1 /or some ft G u>^ then 



m (C) F '"0" F * r[N ,JV] m (C) G '"0" F* t[N ,N] 



m (C) F m (C) G 
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PROOF. Note that under the assumptions the distributions m' C ) F and m* c ^ G 

m(t^s) 
m* c)F (s) 



777 ( t ' " S ) 

have the same domain and the fraction — 7 -r- has the constant value for both 



F and G. □ 

Lemma 5.12. Suppose that F 6 F N+1 and G G Fp^ 1 for some h G u> u . Then 



E, N m (C) F f W " G ( N ) 



'(C)" 3 — '"(C) G tN-F(N)l , t 

te(c)Gfiv m (c) F 



Proof. For i G (C) G 

V ^ m(fV) 

m^ c)Gt ^ F(N) (i) _ s , e(Cjv)F( «, ^+i(G tJV-F(JV)) ww(F) 



s'e(cv) F < N > 

Therefore 



m (C) F l«~ G («) ^ w w(F) 



E w (C)* _ 
m (c) G tN ~F ( iv)(iJ =^= - 2^ WGl'"'( c ) FrJV ~ G<N) 
te(c) G t™ " t (c) F te(c) G t« v ; 

\ - w N (F) \ - ^jy+i . , _ 

E E drrfGi • m(s) = E E m (c) o( S ) = m(^. □ 

te(c) G r« tc s e(c) G JV+iV ; te(c) G t" tc s e(c) G 

We will need one more definition: 

Definition 5.13. Suppose that m is a distribution on X and U C X. Let m^j be 

the distribution on X defined as 

, % f mix) if x e U n „ 

Now we are ready to prove theorem 5.5. For technical reasons we will need a 
somewhat stronger result stated below. 



Theorem 5.14. Suppose that Nq < N are natural numbers, h°, ho e IL<at to * sa ^~ 
isfy h (i) + h°(i) < mi for i < N, F G Fjj^o and m is a distribution on 2 /oU '" u/jv - 1 
such that 



2T N e 
™(c) F > —w 



nr^a-s^) 

There exist F* G F%°: N . and U* C 2 / ° u - u/ «-i swc/i iforf 

JV-1 N-2 



("»p7*]) (c)F * > ™(c) F I| ~ 8&i ) ~ E e * 

i=JV i=JV 
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and for any G G F^ J M and t G (C) G f M ° ; M G [JV , W), 



JV-l 



(™>[U*])\ c) a > ( m iU*]){ cr > ■ II (i -46 *)- 

i=M 

PROOF. First notice that 5.5 follows from 5.14. If F* and U* are as required, 
then for all GeF^,, 



m (c) G > (m[c/*]) (c)G > ( m [^])lc)G > 

te(C) G '"o 



ie(C) G ' N o \ i=N J 



N-l I \ N-l 

\ t 



H (1 - 4e 4 ) • ^ (™{u*])\c)** = II ( X - 4e «) • ( w [^])(c) F * > 
j=jv \te(c) F * f N o / i=JV 

AT-l / iV-l JV-2 \ 

[] (l-4 Ci )- m^jF- J] (1-SeO- E e * U 

i=W \ i=IVo i=iV / 

AT-l JV-2 

?w n (!- 8 ^) 2 - e c *- 

i=JV i=A r o 

We will proceed by induction on N. UN — No then the theorem is trivially 
true. Thus, suppose that the result holds for some N > No and consider N + 1. 
Let F G F^°' Ar+1 and let m be a distribution on 2 /oU --- u/jY such that 

Z Z^i=JVn fc « 



n;u,(i-*) 

Recall that by 5.9, 



«i(C)F ^ m (c)F = m (c) F > 2ejv, 



and apply 5.6 with m = mt^ F , k° = |dom(F(iV)) | , k = h (N) to get f G 
F F(jV),fco-§(fco,AO such that 

Let {si : 1 < i < u>jv(F)} be an enumeration of (C) F ^ N . By induction, build a 
sequence {fi : i < u?jv(F)} such that 

1 . fi C 

2. fco-ldomC/,)! >§ (2m) (fc ,iV), 

3. for every i > 1 one of the following conditions holds: 

(a) V 5 G Fg. (2i+1)(fco;JV) m^ (c)Ft „~ 9 < -^y, 

(b) for all .9 G F£ g(2i+1) , 

mS \c) F ' ( 1 _ 2ejv ) - mSi (c) F t«~9 < toS, (c) f f JV "/i ' (! + 2e iv)- 
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Suppose that fi is given. If 



V 5 G F^. (2i+3)(feo JV) m^ + i (c)Ff «~ 3 < 

then put f i+1 = f i: 

Otherwise, let f' i+l G F^. (24+3) ^ be chosen so that 



2e N 
w N (F) 



2e N 



In particular, by 5.10, mSi+1 iN^f. +1 > 2e N . Let k = k — |dom/ l ' +1 |. By 5.6, 
there exist f i+1 G Fj^^-^ such that for all g E f^ +i ^ N y 



"T. Si + 1 (c)Fr „-/ I+1 • (1 + 2e N ) > m s '+i (C )F(iv- g > m Si +i (c)FrJV -/ l+1 • (1 - 2e N ). 

Note that k > ko — |dom/j| — s^ 2l+3 \ka , N) . Using the induction hypothesis we get 
that k > s (2l+1) (k a ,N) -s {2i+3) (k a ,N) > s {2l+2) (k ,N). It follows that s(k,N) > 
s {2t+3) (k a ,N) and fc - |dom(/ i+1 )| > s (2l+3) (fc , N), which finishes the induction. 



Let F*{N) = f WN (F)- Since w N (F) < |2 7 ° u - u/ «-i | it follows that s(k Q ,N) < 
s^^\k , N). ThusF* (iV) e F^jmn^ny 

Observe that to s ( C jf in— s = rN ~ g (s) for every s G (C) F ^ N . In particular, 

toS (C) f t™~ F *<«) — m (c) F t«" F *(«) ( s )- 

By the construction, for every g £ Fp™^ s(ko N ^ and s G (C) F ^ , 

1 - 2e N _ l + 2ejv 

or otherwise 

m s (c) F t jv"F*(N) < — — and to s / C )f t jv~ 9 < — — . 

Moreover, by the choice of f , for every g G F F ™ (JV) s(fco Ar) , 



m+( C )F tN-g > m( C )F • (1 - 2£at). 

Even though we do not have much control over the values of rn^ c ^ F fN „ F * (JV) (s) 

we can show that many of them are larger than -—j-^- Let 

w N (F) 

U = {-€ (C) F : m- cr t _ FHN) (s) > } . 
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Note that for every g <E F^ (JV) s(feo JV) , 



(1 - 2e N ) ■ TO( C )F < m + ( C )F [JV-g = TO( C )F [N-g = TO ( C )F \ N ~ g < 

E TO (C) F t™~9 ( S ) + E m (C) F fJV"s( s ) — 

sec/ se(c) F t™\t/ 

1 + 2ejv - ^ \ , ^t->\ 2ejv 1 + 2ejv 

• ^ m (c)Fr _ FMW) ( S ) + «*(F) • — — • T -^_ < 

sec/ 



l + 2ejy | l + 2ejy ^ 
W ' 1-26AT + l-2ejv ' ^ m(c)F F * (N) [S) ' 



E_ (1 — 2£jv) , , 

m ( C ) F r«~ F *<«) («) > 1 - 2£jv ' n^(c) F - 2£at > (1 - 8e N ) ■ m (c) F - 2e w . 



It follows that 

(1 - 2 ejv ) 2 

" t (c) F ,JY '~' F * < N > — 

set/ 

Define distribution m* on 2 /qU '" u/n - 1 as 

m *( a ) = J TO ( c) F t«" F *(iv)(s) if m (c)Frw „ FMN) (s) > — — 

I otherwise 

Clearly, 

m (C) F (« = E m (C) F F *<"> ^ " ' ( X _ 8CW ) _ 2fW ^ ^jV-/"^ ' • 

set/ l^Afol 1 _ ° e i) 

Apply the induction hypothesis to to*, F \N and ho \N to obtain F* \N and F* as 
in 5.14. Let 

u* = {s e 2 /oLJ - u/N tsr/oU-.-u/jv-! eV*n?7}. 

It remains to check that F* and U* have the required properties. 



(m [£ ,*]) (c)P * = E (™[tf*]) (C )-* = E ( TO fv*])^ FMJV ( s ) = 
se(c) F * t« 



K*])(o f 



(C ) F M« ^ m (C) F t« 



= E 


(to. 


• y *V (C) F * 1 


se(c) F * 




JV-l 




JV-2 


na- 


- 8e.) - 


- E e ^ 






i=N 


N-l 




N-2 


na- 




• E ^ 


i=M 




i=M 






N 



w (c) f n ( x 8ei ) ~ e e 

i=M a i=M 



N-l 

'■») 



which gives the first condition. 

s(h ) 



To verify the second condition suppose that G € Fp?'^j"l, M G [iVoiA/] and 



i 6 (C) G ^ M °. By the inductive hypothesis we have that 
1 1 N ~ 1 

( m [^]) ( c )Gt » ^ H*]) ( cr tN • n (i- 4 ^)- 

i=M 



20 



TOMEK BARTOSZYNSKI AND S AHARON SHELAH 



By 5.11 and 5.12, 



(to[(7*]) (c) g = ( TO [t/*]) (c) G,iv~F*(iv) 0) 



(C) F * G ( N > 



X! ( TO [(7*]) (C) GtiV"F*(iV) ( S ) 



( m [(7*])( C )Ft]V-G(N) 



tCse(C) G t« ( m [(7*])( C )F[JV-~F*(JV) 

^ ( m lU+])( C )G [IV- F*(«) (*) ' 



( m [t / ])(C) F i™~ G <«) 

tCse(c) G t™ ( m [^])(c) F < N "~ F *(") 

Now 



E. ( m [(7])( C )FrJV"G(lV) 

l m |Cf']){C)Gt«'">'*(») W • , ,S ^ 

tc S £(c)Gt« (,"^[;7]j( C) Frjv-F*(iv) 

tc se (c) G t« v ' tCse(c) G ' N y ' 

l-2e N : ' X 



• KOL. fN n a - * K*])! CF * rN n a - - 



i=M i=M 
N 



i=M 



which concludes the proof. 



6. Measures and norms 

In this section we will examine the consequences of the combinatorial results 
proved earlier on measures on 2 W . 

For U C 2 1 , [U] = {x G 2 U : x\I G U}. 

If p C 2 <w is a tree, s E p, and JVew, then 

1. [p] denotes the set of branches of p, 

2. p s — {t E p : t C s or s C i}, 

3. p JV =pK-foU---U/ JV -i). 

We will identify product with concatenation, i.e., (s,t) with s^t, and similarly for 
infinite products. Most of the time we will also identify p with [p\. 

Definition 6.1. Let ^( C ) F be the measure on (C) F defined as the product of count- 
ing measures on the coordinates. In other words, if s E 2 Ik then 



M(c) F (H) = 
Given a perfect set p e Perf, 



|(C fe ) F «| 1 ifse (C fe ) F(fc) 

otherwise 



M(0) r(p)= j hm |(c)FrjV| 



Note that / u (C )F (p) = ^ (C ) F (p n (C) F ) . 
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Definition 6.2. For a function define \og s (f) G bj u as 

log s (/)(iV) = max jfc : s < - k ' lN \f(N), N) > oj . 

For hi,h s G bj u define h\ ~ h 2 if log s (/ii) = log s (/i 2 ). Clearly ~ is an equiva- 
lence relation. 

Let X be the collection of functions f G w w suc/i t/iat 

1. lim m ^ 00 log s (/)(m) = oo, 

2. / = min{.g : / ~ g}. 

For f G w w define functions f, f~ £ X as follows: f = X fl {g : / ~ 5}, and 

min{/c : log s (fc,n) = log s (/(n),n) - 1} if log s (/(n),n) > 
otherwise 



f~(n) 



If f € X and n E uj let if(n) = max{fc : log s (/)(fc) < n}. 

Remarks. Note that X ^ 0. By P5, h e X, where h(k) — for k G w. Also, 
lim„^ 00 i/(n) = 00 for / G X. The purpose of the restriction put on the set X is 
to make the mapping / 1— ► log s (/) one-to-one. In practice, we will only use the fact 
that if log s (/)(n) = then f (n) = 0. 

Definition 6.3. For a perfect set p C 2", F G F w , TV G uj and h G X, define 

[p, F, hj N = inf {/i (c)G (p) : G G F^} . 
VFe wi£Z write [p, F, /i] instead of [p, F, n]o- 

The following easy lemma lists some basic properties of these notions. 

(\ P N n(C)^ N \ ) 

Lemma 6.4. 1. The sequence < 1 — |(c"pWj — ' ^ ^ ^ | ™ morlo ^ on * ca ^ 
creasing for every p G Perf, 

2. lp, Fi, /iijjv > Ip,F2,/i 2 ]jv i/Fi G F^_ fci , 

3. i/pinp 2 = then \p\ Up2,F, ftjjv > [pi,F, /i]jv + [p2, F, K\n ■ 



PROOF. (1) is obvious, and (2) follows from 5.4. 
(3) Take e > and let G G be such that 

[pi Up 2 ,F, ft]jv + e > M(C)°(Pi Up2)- 



Now 

[pi Up 2 ,F, ftjjv + £ > A*(c)o(Pi Up 2 ) > A*(c)°(Pi U P2) > 

M(C)°(Pl) +M(C)°(P2) > [pi,F,/l]jv + [p2,F,/l]iv. 

Thus [pi Up2, F, /i]jv + e > [pi, F, /i]jv + [P2, F, n]jv and the inequality follows. □ 

The following two theorems are the key to the whole construction. 

Theorem 6.5. Suppose that H(c) f (p) > 0, h £ X and < e < 1. TTien i/iere exist 
p* C p, h* G 7V e uj and F* G Fp ,;^ such that 

M ( cr (P*) > (! - £ ) • M(C)F (p), b*. F *, > (1 - 2e) ' /i ( c)» (P) 

and 

VN\/se(p*) N [p;,F*,n*] A r>0. 
Moreover, we can require that h*(N) = s(h)(N) = h~(N) for N > N . 
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Proof. Find N £ u> such that 

1- M(C)f(W > 



n^ (l-8e,)' 

2- n,=A ro (l-46,)<e, 

3- M(C)f(p) • IL^W 1 - 8e - J2Zn £ i > (! - e ) ■ M(c)f(p), 
4. /i(JV) > for N > N . 

For N E ui let m N be the distribution on 2 /oU "' u/jv - 1 defined as 

m JV ( x f 2-IU,< w A| if sep ^ 
I otherwise 



Note that m N is the counting measure of p N . 

C N t r F \N,h\N-s(h\N) dn< 

|p w n^n (C) F « I | P Jv n(C) F f JV 



Use 5.14 to find e ^F°iN,h\N-s(h\N) and U n C 2 JoU - u/ "- 1 such that 



r^]J (C )^ = KcFH |(c) F -lit- 1 



and for M 6 [JV 0) N), s e t^o U • • • U J Mo -i and G 6 F^°' W 



!(/ltJV)' 



| P f n^n(C) G | | P f rw* n(cr| fr n _. . 
I (C) G| - | (cn ■ LJU 1 

By compactness, there exist F* e F w and {/* C 2 <a) such that 

VN 3M > N (V \N = F* M \N & (U'*) JV = 

Put p* = p P\ U* and note that, by 5.14, for every N > Nq there exists M > N 
such that 



1(^)^0(0)^^1 \{p M nu* M ) N n(cf^' N \ \( P M n u* M ) N n (C) f m nvi 



KC)F*rJV| - |(c) F *H ~ |(C) f m^| 
|p M n^n(C) F M| | p M n(c) FrM| ~ ~ 

|(C) f m| - |(C) F t M | " 1H A lJ ^ £l - 



> 



i=N i=N 



M(C)*(p) ]J ( X 8e ') ~ X! £j - ( J ~ e ) ■ ^(c)f(p)- 

i=JV i=AT 



It follows that 



|(p*) w n (C) F * r^l 

A*(C)»* (P ) = ^ | (C)F * pvj - (1 ~ e) ' ^( C ) F 

Suppose that s G (p*) M ° for some M > A^o- As above, for N > M and 

| P f n^n(C) G | | P f nt/* n(C) F *| ft , . 
I(C) G | " |(cn -Jl; 1 4e * j ' 
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translates to 

oo 

VG e F^ fc) M(C)o^) > M(c )F * (Pj) ■ ft (1 - 4ci) > 



i=M 

1 



r all G G F^; 

A»(C)o (P^ >(!-£)' M(c)f* (P^ > 0. 



It follows that if s G (p*) M °, M > 7V then for all G G F^ ;" 



Mo 



Define 

| b(*)(*) if JV > No {QiNGw 
I otherwise 

Suppose that s G (p*) N ■ H N > N a then the above estimates show that 

{p* a ,F*,h*] N >(l-E)- fHc)r *(jp*)>0. 

lfN<N then by 6.4(3), 

]p*,F*,h*] N > Yl blF*,h*j N = 

s<zte(p*) N o 

oV 7 s cte(p*)«o 

Finally note that for G G Fp* 

M(C)g(p*)= J! A*(C)«»(pi)> X M(c)f*(pi) • (1 -e) = 

te( P *) N o te( P *)«o 

(1 - e) • ^ (C)F * (p*) > (1 - e) 2 • M(c)f(p) > (1 - 2e) • M(c)f(p)- 

It follows that 

fo*,F*,/i*]>(l-2e)./i(c)-(p)- □ 

Theorem 6.6. Suppose that Mo G w, £ < 1 cmd ^( C )f(A) = 1. Le£ p C 2" 
/i G A* 6e smc/i iftaf 

V7V Vse (p) w [p, F, /i]jv > 0. 
There exist p* , h* G X and F* G Fp°^ ft * such that 

1. /Cpni, 

2. ft*tM = /ifMo, 

3. ViV > M log s (/i*)(iV) = log s (/ l )(7V) - I, 

4. Vsep* [p*,F*,/i*] w >0, 

5. Vse( P ) M ° lp*,F\h*j Mo > (1 - As) ■ lp s ,F,hj Mo . 

PROOF. Let a = min{[p s ,F, hj Mo ■ s G (p) M °} • Fix e > and for every 
s G (p) M ° find iV s > M as in 6.5. Let 7V > max{7V s = s G (p) M °} be such that 
Iog.(/i)(JVo) > 0. 

Fix an enumeration {si : < i < £} of (p) Ma , and define sequences {Fj, hi : i < £} 
and {p* : < i < ^} such that 

1. F = F, /i = /i, 

2. hi G X for i < £, 
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3- P* C p St n A, 

4. F i+ i e F Pi ° ) '^ i _ s(/ii) , 

5. /ii+i(iV) = s{hi)(N) for TV > JV , i < 

6. ~ii < I VN < N hi(N) = 0, 

7. [p*, F iA]M > (1 -4e) • H (C )'i(Psi), 

8. VN Va € (p!) N l P *,F l ,h l ] N >0. 

Suppose that F*, /i* are given for some i < I. Find qi+\ C p Si+1 fl A such that 
M(C) F i fe+i) > (1 _e )/"(C) F i Let p i+1 , F i+ i and be obtained by applying 
6.5 to (fo+i, F» and ^i- After £ steps we have constructed functions F^, he and a 
set p* = \J i<e Pi- Functions F^ and he = h~ will define walues of F* and h* for 
N >N . 

Define for N e u>, 



h*(N) 



h{N) if TV < M 
h~ (TV) if M < iV 



and F*(iV) = F £ (iV) for N > N . It remains to define the values of F*(N) for 
N<N . 

Define F* \N by the following requirements: 
1. F* \M = F \M , 

3. for TV < 7V and s e (p*) N , 

p* n (C) F * »^-(vgg F^ 0ihnJVo P : n (C) G ? 0) . 

More precisely, by induction on N e [M , iV ) define sequences |f^ : i < w^v j 
and { /if : i < v n } such that 

1. h™° - /i^o, F^° = F fiVo, Ff +1 = and C+ 1 = < for AT > M , 

2. ViV < iV Vi < v N hf \N = h% \N, 

3. h? +1 = hg\N~a(hi\[N,N )) for i < v N , 

5. if s is the i'th element of (p) w then exactly one of the following two cases 
holds: 

(a) VGGF« (C) g n (p s ) N °^ 0, 

(b) (C) F . N n \ Ps ) N » = 0. 

The construction is straightforward. If case (5a) holds, then we define F^ = 
Ff , otherwise there exists G G Fp^"^ such that (C) G n {p s ) N ° = 0, and wc put 
Ff +1 = G. 

Observe that for N > M , /i*(iV) = h~(N) = sV N \h){N) = /i^ +1 (iV). There- 
fore we can carry out this construction provided that log s (/i)(iV) > 0. However, 
by the choice of X, if \og s (h)(N) = then /i(-/V) = and the required condition is 
automatically met. 

Finally let 

F(N) if N < M 
F*(N) = { F N (N) if M < N < N . 
F e (N) ifiV>iV 
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min G G F£°$ >h . m> : '^"7' 1 \- (1 - 4s) > 



We will show that p*, F* and ft-* have the required properties. Conditions (l)-(3) 
of 6.6 are obvious. 

To check (5) consider s G (p*) M ° . By the choice of No, p* and Ft we have 
K.F*, h*] Mo > min | G G ^°f N ° 0ih ^ No : ^^^ | ■ (1 - 4s) = 

\( Ps )"°n(C) G \^ 

b-,F*,A*K-(l-4e) > Ip s ,F,/i]M -(l-4e). 

To verify (4) we have to show that [p*,F*, /i*]jv > for s G (p*) N . If N > N 
it follows from the construction of F^. If N < No then 

K, F*, **] * > (1 - 4s) • min | ^^^^1 : G G F#$ ifc . rJVo j . 
By the choice of F* \N , for all G G f^ \%° oMlNo , 

M) N »n(C) G \ 



l(C) G | 

It follows that [p*, F*, /i*]jv > 0. □ 



7. Definition of "P 

In this section we will define a partial order V having properties AO - A2 from 
2.2. This will conclude the proof of 1.18. 

We start by defining a partial ordering Q that will be used in the definition of 

V. 

Definition 7.1. Let Q be the following partial order: 
(p,F,h) GQif 

1. p G Perf, F eF^, heX, 

2. |dom(F(fc)) | + h(k) < rrik for every k, 

3. P C(C) F , 

4. Vsep N lp s ,F,h} N >0. 

For(p\F u h 1 ),(p 2 ,F 2 ,h 2 ) G Q define (p\Fi,Jn) > (p 2 ,F 2 ,h 2 ) if 

1. p 1 Cj, 2 , 

2. Fi G Fp 2)/l2 _ hl . 

To see that Q has the fusion property we define >„: 
Definition 7.2. For n > define (p^F^/ii) >„ (p 2 ,F 2 ,/i 2 ) if 

1. (pSFi.fci) > (p 2 ,F 2 ,/i 2 ) 7 

2. V S G(p 2 )"* bl.Fi.Mn* >(l-2-"- 1 ).[p2,F 2 ,ft 2 ]„* 7 

3. ft-i fn* = /i 2 fn*, 

4. Fifn* = F 2 
where n* = ih^n). 

Note that (2) implies that {p 1 ) n * = (p 2 ) n * . 

Lemma 7.3. Q has the fusion property. 
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PROOF. Suppose that {(p k , F k , hk) : k G is a sequence of conditions such 
that (p fe+1 ,F fe+ i,/i fc+ i) > fe+ i (p k ,F k ,h k ) for each fc. Let ra*(fc) = i hk+1 (k). Note 
that linife^oo n*(k) — oo. Define 

1- h = \J keu h k \n*(k), 
2. F = U feew F fe fn*(A : ), 

3- P = U eu (P fc ) n * ( * ) - 
Observe that h, F and p are well defined. 

Suppose that s e p"*( fe °), G e Fp'£ and fe > fco, and note that 

|(p a )"*( fe ) n (C) G t™*( fe )| |(Ps)"* (fc) n (C) G i™*( fe )| 



|(C)Grn*(fe)| |(C)Grn*(fc)| 

Therefore M(C) G (Ps) > in£ fc [pj, F fc , Hence, 



> [^,F fc ,M- 



[p s ,F,/i] n * (M > lp ko ,F ko ,hk } n *(k ) ■ IJ ( 1_ ^fcTT 

1 - ^+r) ' bS°.Ffco»^fco]n*(fco) > o. 



The same computation shows that (p,F,h) >k (p ,Fk,hk)- □ 

Theorem 7.4. Suppose that (p, F, /i) G Q. 

If Q Q P and H(c) F {l) > ^ en fiere exist g* C g, F* and h* £ X such that 
(<?*, F*, ft*) G Q and (g*, F*, /i*) > (p, F, /i). 

If n E ll> and A Q p is such that p.(c) F {A) = 1 £/ien t/iere exist g* Cpfli, F* 
and h* G X such that (q*,F*, h*) G Q and (q*, F*, h*) > n (p, F, h). 

Proof. The first part follows from 6.5 and the second from 6.6. □ 

The following theorem shows that Q satisfies condition A2 defined in section 2. 

Theorem 7.5. For every (p,F,h) G Q, n G uj, X G [2 W ]^°, and t G Perf such 
that p(t) > 0, 

p({z e 2" : G, /) >„(p,F,/i)XU(5 + Q)Ct+Q+ z}) = 1. 

PROOF. Suppose that (p, F,h) e Q and t is a perfect set of positive measure. 
We will need the following observation: 

Lemma 7.6. 

jU ({z G 2" : /i (c)P (p n (t + z)) > 0}) > 0. 

PROOF. Consider the space px 2" equipped with the product measure 
(a*(c)f|>) x P- Let Z = {(x,z) G p x 2" : z G t + x}. Note that = 
/i(t + x) = p(t) > for each x. By the Fubini theorem 

{s:/i (c) ,((Z)*) >0} 

has positive measure. But 

(Z) z = {x G p : z G t + x) = {x G p : x G t + z} = p n (t + z). □ 

Let I C 2 U be a countable set. Put Z x = {z G 2" : X C t + Q + z}. Note that 
Zx has measure one. Thus, without loss of generality, we can assume that X = 0. 
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For each s G p let 

Z s = {z G r : M(C)F (p 8 n (t + «)) > 0} . 

By the lemma, n(Z s ) > for each s. Let Z = C\ sep (Z s + Q). This is the measure 
one set we are looking for. 

Fix z G Z and n G w. Note that /i( C )F(t + Q + z) = 1 and apply 7.4. □ 

Definition 7.7. LetV ^ QxQ be the collection of elements ((p 1 ,Fi, ft), (p 2 ,F 2 , ft)) 
sweft iftoi 

f. Vfc dom(Fi(A)) = dom(F 2 (fc)), 

2. Vfc Vs G dom(Fi(fc)) (Fi(fc)(s) = f or F 2 (fc)(s) = l) . 

For ((p^Fi.fti), (<7i,Gi,fti)), ((p 2 ,F 2 ,ft 2 ), (o 2 ,G 2 ,ft 2 )) e V and n e uj define 
((p\Fi,fti),( g i,Gi,fti)) >„ ((p 2 ,F 2 ,ft 2 ),(g 2 ,G 2 ,ft 2 )) 
(p\Fi,fti) >„ (p 2 ,F 2 ,ft 2 ) and (?i,Gi,fti) >„ (q 2 ,G 2 ,ft 2 ). 

Strictly speaking, the partial order used in the proof of 2.2 was a subset of 
Perf x Perf while V defined above has more complicated structure. Nevertheless it 
is easy to see that it makes no difference in the proof of 2.2 as conditions Al and 
A2 refer only to the first coordinate of V. 

Lemma 7.8. V has the fusion property. 

PROOF. Follows immediately from the definition of V and 7.3. □ 

Next we show that V satisfies Al. 

Lemma 7.9. For every p G V, n G u) and z 6 2" there exists q > n p such that 
Qi Q H + z or q 2 C H + z. 

PROOF. Suppose that ((p 1 , Fi, ft), (p 2 , F 2 , ft)) G V and z G 2". 

Case 1. There exist infinitely many fc such that z\Ik G dom(Fi(fc)). 

It follows from the definition of V that in this case there exists i G {1,2} and 
infinitely many fc such that Fi(k)(z\Ik) = 1. In particular, since p l C (C) Fi , for 
every x G p 4 , 

3°°fc.Tf/ fc ^c fc + zr/ fc . 

Thus, p l <ZH + z. 

Case 2. z|7fc G dom(Fi(fc)) for finitely many fc. 
Let = ih(n). Define for fc G w, and i = 1, 2 

Fi(fc) iffc<n* 
F 4 (fc)U(44,0) iffc>n* ' 



Gi(fc) = 
: p i n (C) G * and 



ft(fc) if fc < n* 

s(ft(fc),fc) iffc>n* 



Clearly ((<7i, Gi, /), (g 2 , G 2 , /)) >„ ((p 1 , Fi, ft), (p 2 , F 2 , ft)) and the same argu- 
ment as in the first case shows that it has the required properties. □ 

Next we show that V satisfies A2. 
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Theorem 7.10. For every p G V, n G u), X G [2"]^°, i = 1,2 and t G Perf sucft 
tftaf /i(t) > 0, 



PROOF. Suppose that ((p 1 ,F 1 ,h),(p 2 ,F 2 ,h)) G V, n G w, X C 2" is a 
countable set, and t is a perfect set of positive measure. Without loss of generality 
we can assume that i = 1. Consider the set 

Z = {z G 2 W : 3(g, G, /) >„ (p 1 , F l5 h) X U (g + Q) C t + Q + z). 

By 7.5, /Lt(Z) = 1. Fixz G Z and let (p',Fi,/i') >„ (p-,Fi,/i) be such that p' + Q C 
t + Q + z. Now define F' 2 by putting F' 2 (s) = 1 for every s G dom(F' 1 ) \ dom(F 2 ). 
Clearly, ((q, F^, h'), (p 2 , F 2 , /i')) is the condition we are looking for. □ 
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